We edify an Euler system of generalized Heegner cycles to bound the Selmer group associated to a modular form and an algebraic Hecke character. The main argument is based on Kolyvagin's machinery explained by Gross [8] while the key object of the Euler system, the generalized Heegner cycles, were first considered by Bertolini, Darmon and Prasanna in [2] .
character associated to A by [6, Theorem 9.1.3] . Furthermore, A is a Q-curve by the assumption on the parity of D, that is A is K 1 -isogenous to its conjugates in Aut(K 1 ). (See [6, Section 11] ). Consider a prime p satisfying (p, NDφ (N)N A r!) = 1, where N A is the conductor of A. We denote by V f the f -isotypic part of the p-adicétale realization of the motive associated to f by Deligne and by V A the p-adicétale realization of the motive associated to A. Let O F be the ring of integers of
where the a i 's are the coefficients of f and the b i 's are the coefficients of θ ψ . Then V f and V A give rise (by extending scalars appropriately) to free O F ⊗ Z p -modules of rank 2. We denote by
the p-adicétale realization of the motive associated to f and ψ and let V ℘ 1 be its localization at a prime ℘ 1 in F dividing p. Then V ℘ 1 is a four dimensional representation of Gal(Q/Q) (see Section (2) ). We also denote by O F,℘ 1 the localization of O F at ℘ 1 . By the Heegner hypothesis, there is an ideal
We can therefore fix level N structure on A, that is a point of exact order N defined over the ray class field L 1 of K of conductor N . Consider a pair (ϕ 1 , A 1 ) where A 1 is an elliptic curve defined over K 1 with level N structure and ϕ 1 : A −→ A 1 is an isogeny over K. We associate to it a codimension r + 1 cycle on V
and define a generalized Heegner cycle of conductor 1
where e r is an appropriate projector (1) . Then ∆ ϕ 1 is defined over L 1 . The Selmer group
consists of the cohomology classes whose localizations at a prime v of L 1 lie in 
Motive associated to a modular form and a Hecke character
We denote by V f the f -isotypic part of the p-adicétale realization of the motive associated to f by Deligne and by V A the p-adicétale realization of the motive associated to A. In this section, we describe the construction of the four dimensional Gal(Q/Q)-representation
where ℘ 1 is a prime of F dividing p.
Denote by M N the affine modular curve over Q parametrising elliptic curves with level N structure whose points over a Q-algebra M N correspond to M N -isomorphism classes of pairs (E,t) consisting of an elliptic cuve E over M N and a closed immersion t : Z/NZ ֒→ E of group schemes over M N . Let j : M N ֒→ M N be its proper smooth compactification classifying generalized elliptic curves. Let π : X N −→ M N be the universal elliptic curve, and π : X N −→ M N the universal generalized elliptic curve. Denote by W r the Kuga-Sato variety of dimension r + 1, that is a smooth desingularized compactification of the r-fiber product of X N over M N . We denote by W the 2r + 1-dimensional variety defined by W = W r × A r .
Consider the projectors e
(1) 
where e W is Scholl's projector [17] . We consider the sheafs Let B be the Borel subgroup of GL(2, Z/n). We define
where e B = 1 |B| ∑ b∈B b. Given a rational prime ℓ coprime to N, the Hecke operator T ℓ acts on M N [17] , inducing an endomorphism of V . Letting
where b ℓ is the eigenvalue of T ℓ acting on A, we can define the f -isotypic component of V by
Hence, there is a map r : V −→ V that is equivariant under the action of Hecke operators T ℓ , for ℓ not dividing NN A and under the action of the Galois group Gal(Q/Q). The f -isotypic component of e B H 1 et (M N ⊗ Q, F ) gives rise (by extending scalars appropriately) to V f and e A H r et (A r , Z p ) gives rise to V A . They are free O F ⊗ Z p -modules of rank 2. Hence,
p-adic Abel-Jacobi map
Consider the p-adicétale Abel-Jacobi map
where CH r+1 (W /L n ) 0 is the group of homologically trivial cycles of codimension r + 1 on W defined over L n , modulo rational equivalence. Composing the Abel-Jacobi map with the projectors e r and e B , we obtain a map
as the Abel-Jacobi map commutes with correspondences on W . Combining Proposition 2.1 which implies that
with the definition of
Hence, composing Φ with r : V −→ V , we obtain 
Kolyvagin's results [11] combined with those of Gross and Zagier [9] prove the Birch and SwinnertonDyer conjecture for analytic rank less or equal to 1. This is the particular case where the modular form f is associated to an elliptic curve and ψ is the trivial character. Nekovar's results [13] along with results of Gross-Zagier and Brylinski [3, 9] provide further evidence towards a p-adic analog of the Beilinson-Bloch conjecture due to Perrin-Riou [4, section 2.8] in the case where f is a higher weight modular form and ψ is trivial. In this monograph, we provide a sufficient condition for dim Q p (Im(Φ) ⊗ Q p ) = 1. Since Shnidman [18] relates the order of vanishing of the p-adic Lfunction L p ( f ⊗ θ ψ , s) at s = r + 1 to the height of generalized Heegner cycles, we obtain a p-adic analog of the statement conjectured by Beilinson and Bloch.
Generalized Heegner cycles
We describe the construction of generalized Heegner cycles following [2] . Consider pairs (ϕ i , A i ) where A i is an elliptic curve defined over K 1 with level N structure defined over R and
and define a generalized Heegner cycle
Denote by D A i the element
where
In fact, ∆ ϕ i is homologically trivial on W as shown in [2, proposition 2.7] . Let us assume that the index i of A i indicates that End(A i ), which is an order in O K , has conductor i. Then ∆ ϕ i is defined over the compositum of the abelian extension K of K over which the isomorphism class of A is defined, with the ring class field K i of conductor i. Since K is the smallest extension of
In the rest of this section, we consider elements
Lemma 4.1. Consider the map
where g is an isogeny of elliptic curves and I is the identity map. Then
Proof. We denote the intersection pairing of two divisors by a dot. We have
Hence,
) and k > 0, we also have
and
We denote by Frob v (F 1 /F 2 ) the conjugacy class of the Frobenius substitution of the prime v ∈ F 2 in Gal(F 1 /F 2 ) and by Frob ∞ (F 1 /Q) the conjugacy class of the complex conjugation τ in Gal(F 1 /Q),
Corollary 4.2. Consider the map
where g is an isogeny of elliptic curves of prime degree ℓ inert in K. Then
generates a non-trivial local extension, that is −D is not a square modulo ℓ. As a consequence, the curve A i is supersingular since the reduction of A i modulo ℓ has endomorphism by an order in a quaternion algebra. 
Euler system properties
will designate the smallest extension of Q such that Gal(Q/Q(V )) acts trivially on V (Q). A rational prime ℓ is called a Kolyvagin prime if
Comparing the characteristic polynomials of the Frobenius substitution at ℓ and of the complex conjugation, we obtain
where w = r + 2 2 and ℓ + 1 − b ℓ is the number of elements on the reduction of A over Z/ℓZ which is equivalent to
as the latter is equivalent to
Indeed, it is enough to compare the characteristic polynomial of the complex conjugation x 4 − 2x 2 + 1 with the characteristic polynomial of the Frobenius substitution at ℓ acting on V p with roots
We use the equality (
to conclude that the latter equals
Since the characteristic polynomial
of the complex conjugation τ acting on V p is congruent to the characteristic polynomial of Frob(ℓ) acting on V p modulo p, we have
which is a sufficient condition for the two characteristic polynomials of τ and Frob(ℓ) to be congruent modulo p. Let n = ℓ 1 · · · ℓ k be a squarefree integer where ℓ i is a Kolyvagin prime for i = 1, · · · , k. Then the extensions L 1 and K n are disjoint over K 1 and
The Galois group Gal(K n /K 1 ) is the product over the primes ℓ dividing n of the cyclic groups G ℓ = Gal(K ℓ /K 1 ) of order ℓ + 1. We denote by σ ℓ a generator of G ℓ . The Frobenius condition on ℓ implies that it is inert in K. Indeed, ℓ which is either inert or splits completely, is not in the kernel of the Artin map. Denote by λ the unique prime in K above ℓ. Writing n as n = ℓm, we have that λ splits completely in L m since it is unramified in L m and has the same image as Frob ∞ (L/K) = τ 2 = Id by the Artin map. A prime λ m of L m above λ ramifies completely in L n . We denote by λ n the unique prime in L n above λ m . Consider the image of ∆ ϕ n by the Abel-Jacobi map
Proof. By [16, corollary 11.4] ,
where the generalized Heegner cycles ∆ ϕ n i correspond to elements (
for elliptic curves A n i that are ℓ-isogenous to A m respecting level N structure. These elliptic curves A n i correspond to gA m where
where the last equality follows from the action of T ℓ on V . Finally, we apply Φ which commutes with T ℓ to obtain
Proof. The Eichler-Shimura relation consists of the local congruence 
Therefore, we have Frob ℓ (A m ) ≡ A n mod λ n . By Proposition (4.2), this implies
from which the result follows.
Kolyvagin cohomology classes
We denote by
The result follows by the assumption on p which implies that V p (L 1 ) = 0.
Proposition 6.2. The restriction map
Proof. This follows from the inflation-restriction sequence
since V p (L n ) = 0 by Lemma 6.1.
They are related by
Define
Proof. It is enough to show that for all ℓ dividing n,
We have
where the last equality follows by Relation
by Proposition 5.1 and Congruence 3.
As a consequence, the cohomology classes D n y n ∈ H 1 (L n ,V p ) G n can be lifted to cohomology 
If v|N A N, then res
We follow the proof in [13, lemma 10.1]. We denote by
the local Tate dual of V p . The local Euler characteristic formula yields
Local Tate duality then implies
The Weil conjectures and the assumption on Fr(v) imply that V Fr(v) p = 0 where
We have the exact sequence
allows us to view the cohomology class res v ′ D n y n that belongs to Ker(res) as an element in Local Tate duality and the reciprocity law translate local properties of Kolyvagin's cohomology classes into local properties of elements of the Selmer group. This local information will be transferred to global one using a global pairing of the Selmer group. One can then conclude using Cebotarev's density theorem.
Global extensions by Kolyvagin classes Theorem 7.1. Let p be such that
Gal L 1 (V ℘ 1 /p) L 1 ≃ Aut(V ℘ 1 /p), and (p, NDφ (N)N A r!) = 1. Suppose that V ℘ 1 /p is a simple Aut(V ℘ 1 /p)-
Lemma 7.2. For a module M, we have
Proof. Sah's lemma states that if G is a group, M a G-representation, and g an element of Center(G), then the map x −→ (g − 1) x is the zero map on H 1 (G, M). In our context, since
we have that g − I = I is the zero map on H 1 (Aut(M), M) and the result follows.
We denote the Galois group Gal(L/L 1 ) by G. The restriction map
by Lemma (7.2). Hence, we can identify an element c ∈ H 1 (L 1 ,V p ) with its image r(c). Consider the evaluation pairing
We denote by Gal S (Q/L) the annihilator of r(S). Let L S be the extension of L fixed by Gal S (Q/L) and G S the Galois group Gal(L S /L).
Remark 7.3. The element y 1 belongs to S by Proposition (6.4). Also,
We have Gal(L(y 1 )/L) ≃ V p and we denote by
L S L(y 1
Proof. This is a result of Nekovar's development of Kolyvagin's corestriction [13, section 9,10] applied in this situation. (See [5, Section 4] for more details).
Lemma 7.5. There is a Kolyvagin prime q such that
Proof. Let q be a rational prime such that
The restriction of τh to L is τ. If
is either trivial or isomorphic to V p . Note that
Hence, it is possible to require that q is a Kolyvagin prime. Assume q splits completely in L(y 1 ). Then for a prime β ′ of L(y 1 ) above q, we would have that
Hence q does not split completely in L(y 1 ). Therefore, since q splits completely in L and does not ramify in L(y 1 ), there is a prime β in L 1 above q such that |L(y 1 ) β ′′ : L β ′ | > 1 for a prime β ′ of L above β and a prime β ′′ of L(y 1 ) above β ′ . This implies that res β y 1 = 0.
Consider the following extensions
h h P P P P P P P P P P P P 
since s is unramified at q. Lemma (7.4) implies that P(q) ramifies at q and res β P(q) is mapped under an isomorphism to res β y 1 = 0. Henceρ (P(q)) = 0. 
where −ε L is the sign of the functional equation of L( f , s).
Proof. Using [7] which shows that τA j = W N (σ A j ) for some σ in G(K j /K), we obtain by Proposition (4.2)
Consider the map
Because of the duality between divisors and Hodge cycles, this implies that
while Proposition (4.1) implies that the former equals N r deg(
Applying Proposition (4.1) to the map (σ × I), we obtain
) and 
Indeed, y 1 is non-zero by the hypothesis on Φ(∆ ϕ 1 ) ℘ and belongs to S +ε by Lemma (8.1). Using the relation τD ℓ = −D ℓ τ, it can also be deduced from Lemma (8.1) that
where ω(n) is the number of distinct prime factors of n.
Given a Kolyvagin prime ℓ, the Frobenius condition implies that the prime λ of K lying above it is unramified in L 1 and has the same image as Frob ∞ (L 1 /K) = τ 2 = Id by the Artin map, so it splits completely in L 1 . Let λ ′ be a prime of L 1 above λ . Using local Tate duality, we have a perfect local pairing . , .
where the last isomorphism is obtained by evaluation at the Frobenius element
the direct sum of the restriction maps from
When the complex conjugation τ acts on a module M, we denote by M + and M − the + and − eigenspaces of M with respect to the action of τ.
Lemma 8.3. The action of complex conjugation induces non-degenerate pairings of eigenspaces
., .
Proof. It is enough to show that the + and − eigenspaces are orthogonal. For cocycles c 1 and c 2 in the + and − eigenspaces respectively, we have
The case where c 1 and c 2 are in the − and + eigenspaces is similar.
Lemma 8.4. We have
Proof. On the one hand, G
On the other hand, since p is odd, 2 is an automorphism of G S . Therefore, if h ∈ G + S , then
The same proof applies for I.
9 Reciprocity law and local triviality Lemma 9.1. We have
Proof. The proof follows [13, proposition 11.2(2)] where both the reciprocity law and the ramification properties of P(n) in proposition 6.4 are used.
Proposition 9.2. We have S
Proof. Consider the Kolyvagin class P(ℓ) where ℓ is a Kolyvagin prime satisfying
We have that P(ℓ) ∈ S −ε by Remark (8.2). Then by Lemma (7.4), there is an isomorphism sending res λ P(ℓ) to res λ P (1) . The same argument as the one for q implies that res λ P(1) = 0.
Let s be an element of S −ε . Lemma (9.1) and Lemma (8. and such that Frob ℓ (L(P(q))/Q) = τ j, j ∈ Gal(L(P(q))/L), j τ+1 = 1.
These two Frobenius conditions are compatible because the extensions L S and L(P(q)) are linearly disjoint by Lemma (7.6). Consider the Kolyvagin class P(ℓq) which belongs to S +ε by Remark (8.2). We have res λ ′ P(q) = 0.
Indeed, the Frobenius condition
Frob λ ′ (L(P(q))/L 1 ) = j τ+1 = (τ j) 2 = 1 implies that λ ′ does not split completely in L(P(q)). By Lemma (7.4), this implies that
The Frobenius condition in L S /Q implies that ℓ splits completely in L(y 1 ), so that res λ ′ y 1 = 0.
Then by Lemma (7.4), res λ ′ P(ℓ) = 0. Hence, P(ℓ) belongs to the Selmer group, in fact to S −ε . As a consequence of Proposition (9.2), P(ℓ) = 0 implying res β P(ℓ) = 0.
Therefore by Lemma (7.4), res β P(ℓq) = 0.
Let s ∈ S +ε . By Lemma (9.1) and Lemma (8. Therefore by Remark (8.2), dim(S) = 1.
